
���� ����	� 
����
���� ��� �������� 
���	�� � �������	 ���	� ��

��	 ���
� �������� �� 
���� ��
��� �
��������

���	���� 

!�
	� �
���� ��� "������� #��

�	��
��	�� �� $��������

%���	
���� �� ��
����

 &' ��( )	�
�	 ��
		�

��
����* +���
��


����� �&� ,)-

$����� .
����/�����(���
����(��* �0��/�����(���
����(��

��
��* 1'''

4Wklv dsshqgl{ frqwdlqv surriv ri sursrvlwlrqv1



Surri ri Sursrvlwlrq 7=

Wkhuh h{lvwv dq htxoleulxp zlwk srvlwlyh sulfh ohyhov li dqg rqo| li wkh lq dwlrq udwh jlyhq lq

htxdwlrq +<, lv srvlwlyh/ zklfk lv htxlydohqw wr wkh frqglwlrq

�| ?
T,D} . +4�T,,DK . �T,+D} �U,

^��+D} �U,�D}`T|

� �
W+�>T|,>

ru

�| ?
T,D} . +4�T,,DK . �T,+D} �U,

+5�T,,^��+D} �U,�D}`T| .T,D} . +4�T,,DK . �T,+D} �U,
� �

W+�>T|,1

Dssduhqwo|/ iru � A D}+D} � U,3��3�/ �W+�>T|, 5 +3> 4, dqg lw lv d ghfuhdvlqj ixqfwlrq lq erwk

� dqg T|1 Lw lv dovr hdv| wr vhh iurp +<, wkdw olp4
|
<4WEkc'|� s|n�@s| @ .41 Ilqdoo|/ qrwh wkdw

olpb|<bWEkc'|� �| @ �
W+�>T|,1T1H1G1

Surri ri Sursrvlwlrq 8=

Iru dq| � / gh�qh e�+� > �>T|, dv iroorzv=

e�+� > �>T|, @
� ^T,D} . +4�T,,DK . �T,+D} �U,`� �+� � 4,3�+5�T,,

�+� � 4,3� . � ^��+D} �U,�D}`T|

=

Iurp wkh gh�qlwlrq ri � / � A � lpsolhv e�+� > �>T|, A 31 Rqh fdq hdvlo| yhuli| iurp +<, wkdw ohwwlqj

�| @ e�+� > �>T|, |lhogv d frqvwdqw lq dwlrq udwh � 1 Iurp +<, dqg +43,/ zh dovr kdyh

\|n�

\|
@

D}T|�| . ^T,D} . +4�T,,DK`

^D} � ��+D} �U,`T|�| . ^T,D} . +4�T,,DK` .T,�+D} �U,
�
3�
>

zklfk lv lqfuhdvlqj lq T|�|1 Exw iurp wkh gh�qlwlrq ri e�+� > �>T|, zh fdq vhh wkdw T|e�+� > �>T|,

lv lqfuhdvlqj lq T|1 Wkxv/ zkhq �| @ e�+� > �>T|,/ wkh rxwsxw jurzwk udwh lv lqfuhdvlqj lq T|1 Wr

frpsohw wkh surri/ gh�qh e�+� > �>T|, dv wkh xqltxh vroxwlrq wr wkh htxdwlrq e�| @ +5 � T,,
e�|+4 �

e�|,
3�1T1H1G1

Surri ri Sursrvlwlrq 9=

Li �3�g+U?
| � U

r, A �
W+�>T|, iru vrph w/ dqg wkh jryhuqphqw grhv qrw lpsrvh gluhfw frqwuro

ryhu �|1 Wkhq/ iru dq| �R � 3/ +48, lpsolhv wkdw �K
| A �W+�>T|,1 Vlqfh �K

| lv lqfuhdvlqj lq w dqg
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�W+�>T|, lv ghfuhdvlqj lq w/ zh kdyh

�K
r � �W+�>Tr, A �K

| � �W+�>T|, A 3>

iru dq| v � w1 Iurp +47,/ zh kdyh olpr<"+�r � �K
r, @ 31 Wklv dorqj zlwk wkh lqhtxdolw| deryh

lpsolhv wkdw wkhuh h{lvw d w� � w vxfk wkdw �|� A �W+�>T|�,/ zklfk lv d ylrodwlrq ri wkh htxloleulxp

frqglwlrq wkdw �| ? �W+�>T|, iru doo w1T1H1G1

Surri ri Sursrvlwlrq :=

Iru T @ T, ru T, � �/ gh�qh �+T|> T, dv iroorzv=

�+T|>T, @
^TD} . +4�T,DK . �T+D} �U,`� �+� � 4,3�+5�T,�3�

^TD} . +4�T,DK . �T+D} �U,` . +5�T,^��+D} �U,�D}`T|

=

Dssduhqwo|/ iru � A D}+D} �U,3��3� dqg �� A � / 3 ? �+w>T, ? �W+�> w, dqg �+T|>T, lv ghfuhdvlqj

lq T| dqg lqfuhdvlqj lq T1 Iurp +<,/ zh nqrz wkdw s|n�@s| � �� li dqg rqo| li �| � �+T|>T,1 T1H1G1

Surri ri Sursrvlwlrq ;=

Wr suryh wklv sursrvlwlrq/ zh �uvw vkrz wkdw wkh fhqwudo edqn*v rswlpl}dwlrq sureohp fdq eh

wudqviruphg lqwr d g|qdplf surjudplqj sureohp1

Ohw �| @ y3�g+U?
| �Ur,/ k+�|3�> �|, @ plqi4> ��R . +4� �,�|3� . y�|j dqg

I|+�|>T,, @ orj

�
� � 4

�

D}T|�| . ^T,D} . +4�T,,DK`

�| . 5�T,

�
>

zkhuh �| @ +5 �T,,�|+4� �|,
3�1 Iurp +43,/ zh kdyh orj+\|n�, @ I|+�|>T,, . orj+\|,1 Jlyhq wkh

lqlwldo ydoxhv ri \f dqg �3�/ wkh jryhuqphqw*v rswlpl}dwlrq sureohp lv

Mf+�3�> \f, @ vxs
tb|c7+|n��|Df

n"[
|'f

�|orj+\|n�, +4,

vxemhfw wr

3 � �| @ k+�|3�> �|, � �+w>T,, +5,

orj+\|n�, @ I|+�|> T,, . orj+\|, +6,
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ru

3 � �| � plqik+�|3�> �|,> �+w>T, � �,j +7,

orj+\|n�, @ I|+�|>T, � �, . orj+\|, +8,

Wkh sureohp fdq dovr eh zulwwhq dv d g|qdplf surjudplqj sureohp

M|+�|3�> \|, @ vxs
b|c7+|n�

iorj+\|n�, . �M|n�+�|> \|n�,j +9,

vxemhfw wr frqvwudlqwv +5, wkurxjk +8,1 Iru wkh orj xwlolw| ixqfwlrq/ wkh wzr vwdwh yduldeoh sureohp

+9, fdq dovr eh uhgxfhg wr d rqh vwdwh yduldeoh sureohp1 Ohw

Y|+�|3�, @ M|+�|3�> \|,�
4

4� �
orj+\|,

Wkhq/ zh kdyh

Ohppd 4 iY|+=,j|Df lv wkh xqltxh ohiw0frqwlqxrxv dqg erxqghg vroxwlrq wr wkh iroorzlqj ixqfwlrqdo

htxdwlrqv=

Y|+�|3�, @ pd{iY n
| +k+�|3�> �|,,> Y

3
| +k+�|3�> �|,,j +:,

Y n
| +�, @ vxs

f$b�$4�?tbcwE|c',3#��

iI|+�
�>T, � �, . �Y|n�+�

�,j +;,

Y 3| +�, @ ^I|+�>T,, . �Y|n�+�,`[b$wE|c',� +<,

zkhuh [ lv wkh lqglfdwru ixqfwlrq1 Ixuwkhupruh/ Y n
| lv erxqghg/ frqwlqrxv dqg qrqghfuhdvlqj dqg

Y 3| lv erxqghg dqg ohiw0frqwlqxrxv1

Surri= Wkh h{lvwhqfh/ xqltxhqhvv dqg frqwlqxlw| ri wkh ydoxh ixqfwlrqv iroorz iurp vwdqgdug

g|qdplf surjudplqj dujxphqw1 Wr vhh wkdw Y n
| +=, lv qrqghfuhdvlqj/ qrwh wkdw li {� � {2/ wkhq

^3>plqi{�> �+w>T, � �,j` � ^3>plqi{2> �+w>T, � �,j`/ dqg wkhuhiruh Y n
| +{�, � Y n

| +{2,1 T1H1G1

Zh qrz suryh Sursrvlwlrq ;1 Wkh idfw wkdw wkh rswlpdo srolf| zloo dozd|v lqyroyh gluhfw fuhglw

frqwuro diwhu dq| �qlwh shulrg fdq eh suryhg e| xvlqj wkh vlplodu dujxphqw dv wkh rqh xvhg lq

surylqj Sursrvlwlrq 91 Zh qrz vkrz wkdw/ iru dq| w � 3/ lw lv qrw rswlpdo wr lpsrvh gluhfw fuhglw
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frqwuro lq hyhu| shulrg w. v iru v � 31 Khuh/ zh zloo vlpso| uhihu lpsrvlqj gluhfw fuhglw frqwuro dv

frqwuro1 Zh suryh wklv e| vxffhvvlyho| surylqj vhyhudo fodlpv1

Fodlp 41 Iru dq| w � 3/ li wkh rswlpdo srolf| lq shulrg w.4 lv wr frqwuro/ wkhq hlwkhu k+�|3�> �|, A

�+w>T,, dqg lw lv rswlpdo wr frqwuro dqg vhw �| @ �+w>T, � �,> ru �| @ k+�|3�> �|, � �+w>T,, dqg lw

lv rswlpdo wr kdyh qr frqwuro lq shulrg w1

Surri= Vxssrvh wkdw k+�|3�> �|, � �+w>T,, dqg lw lv rswlpdo wr frqwuro lq shulrg w/ wkhq �| ?

plqik+�|3�> �|,> �+w>T,� �,j1 Vlqfh e| dvvxpswlrq lw lv rswlpdo wr frqwuro lq shulrg w.4/ zh kdyh

Y|n�+�|, @ Y n
|n�+�|,1 Ehfdxvh Y

n
|n� lv qrqghfuhdvlqj/ dqg e| wkh gh�qlwlrq ri �|/ zh kdyh

Y n
| +k+�|3�> �|,, @ I|+�|>T, � �, . �Y|n�+�|,

@ I|+�|> T, � �, . �Y n
|n�+�|,

? I|+plqik+�|3�> �|,> �+w>T, � �,j>T, � �, . �Y n
|n�+�|,

� I|+plqik+�|3�> �|,> �+w>T, � �,j>T, � �,

.�Y n
|n�+plqik+�|3�> �|,> �+w>T, � �,j,

zklfk frqwudglfwv wkh gh�qlwlrq ri Y n
| 1 Vr li k+�|3�> �|, � �+w>T,, wkhq lw lv rswlpdo qrw wr frqwuro

lq shulrg w dqg/ wkhuhiruh/ �| @ k+�|3�> �|,1 Li k+�|3�> �|, A �+w>T,,/ wkhq gluhfw fuhglw frqwuro lv

uhtxluhg dqg �| � �+w>T, � �,1 Xvlqj wkh vdph dujxphqw dv wkh rqh zh kdyh mxvw xvhg deryh/ zh

fdq vkrz wkdw wkh rswlpdo �| lv vlpso| �+w>T, � �,1T1H1G1

Fodlp 51 Li lw lv rswlpdo wr frqwuro lq hyhu| shulrg w . v iru v � 3/ wkhq lw pxvw eh wuxh wkdw

k+�|nr3�> �|nr, A �+w. v>T,, dqg �|nr @ �+w. v>T, � �, iru hyhu| v � 31

Surri= Li iru vrph v � 3 zh kdyh k+�|nr3�> �|nr, � �+w. v>T,,/ wkhq/ e| wkh dvvxpswlrq wkdw

lw lv rswlpdo wr frqwuro lq w . v . 4 dqg e| Fodlp 4 zh nqrz wkdw lw lv qrw rswlpdo wr frqwuro lq

shulrg w . v/ zklfk lv frqwudglfwru| wr rxu dvvxpswlrq1 Wkhuhiruh/ wkh lqhtxdolw| kdv wr krog iru

hyhu| v � 31 Iurp Fodlp 4/ wkhq/ zh nqrz wkdw �|nr @ �+w. v>T, � �, iru hyhu| v � 31T1H1G1

Fodlp 61 Li Dvvxpswlrq 7 krogv/ wkhq lw fdq qrw eh wuxh wkdw wkhuh h{lvw d w � 3 vxfk wkdw/ iru

hyhu| v � 3/ k+�|nr3�> �|nr, A �+w. v>T,, dqg �|nr @ �+w. v>T, � �,1

Surri= Dvvxph wkdw iru vrph w � 3/ k+�|nr3�> �|nr, A �+w . v>T,, dqg �|nr @ �+w . v>T, � �,
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iru hyhu| v � 31 Wkhq/ ohwwlqj v$ .4 dqg wdnlqj olplwv zh kdyh olpr<n" �|nr @ ��+T, � �, dqg

k+�+T, � �,> �, � �+T,,

E| wkh gh�qlwlrq ri wkh ixqfwlrq k+=> =, dqg wkh idfw wkdw �R � �+T,,/ zh kdyh

k+��+T, � �,> �, � y�+T,, . +4� y,��+T, � �, . y�

Vr wkh deryh wzr lqhtxdolwlhv lpso|

��+T,,� ��+T, � �, � y+4� y,3��

zklfk lv frqwudglfwru| wr Dvvxpswlrq 71T1H1G1

Wkxv/ Sursrvlwlrq ; kdv ehhq suryhg1
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