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I'This appendix contains proofs of propositions.



Proof of Proposition 4:

There exists an equlibrium with positive price levels if and only if the inflation rate given in

equation (9) is positive, which is equivalent to the condition

b < QAg + (1 — Q1) Ay, +7Qi(Ay — R)
{047(‘49 - R) - Ag}Qt

= p*(()é7 Qt)7
or

QAg + (1 — QA +1Qi(Ay — R)
(2 - Ql){a”Y(Ag - R) - Ag]Qt + QiAg + (1-Q)A + ’YQI(AQ - R)

A < = N (o, Qr).

Apparently, for a > Ay (A; — R)™!y71, XM (a, Q) € (0,1) and it is a decreasing function in both

a and Q. It is also easy to see from (9) that hmpt_)p*(a,Qt)ptH/pt = +o0o. Finally, note that

lim)\t—»\*(a,Qt) Pt = p*(()é7 Qt)QED
Proof of Proposition 5:

For any 7, define p(7, o, Q) as follows:

TIQiAg + (1 — Q) Ay +1Qi(Ag — R)] — (v —1)"'(2— Q)
Yy =)t +7lay(Ag — R) — AglQ:

75(7—7 «, Qt) =

From the definition of 7, 7 > 7 implies p(7,, Q¢) > 0. One can easily verify from (9) that letting

py = p(T, 0, Q) yields a constant inflation rate 7. From (9) and (10), we also have

Y;H-l _ Athpt + [QlAg + (1 - Ql)Ab} 7__1
Y: [Ag - O‘V(Ag — R)|Qip; + [QlAg + (1 = Q1) Ap] + QZ’Y(AQ - R) ’

which is increasing in @Q:p;. But from the definition of p(7,a, Q) we can see that Q:p(T,, Q:)
is increasing in @¢. Thus, when p, = p(7,a, @), the output growth rate is increasing in Q¢. To
complet the proof, define /):(T,oz, Q:) as the unique solution to the equation p, = (2 — Ql)/):t(l -
) LQ.E.D.

Proof of Proposition 6:

If v71d(R} — R®) > M («, Q) for some ¢, and the government does not impose direct control

over ;. Then, for any A\, > 0, (15) implies that A} > A\*(a, Q). Since ! is increasing in t and



A*(a, Q) is decreasing in ¢, we have
AP — (0, Qs) > N — N (o, Q) > 0,

for any s > t. From (14), we have lims .o (As — A2) = 0. This along with the inequality above
implies that there exist a #' > ¢ such that \y > A*(«, Qy), which is a violation of the equilibrium
condition that A\ < A\*(a, Q¢) for all t.Q.E.D.

Proof of Proposition 7:
For Q = Q; or Q; — n, define 6(Q¢, Q) as follows:

[QAg + (1 - Q)A +1Q(Ay — R)| — (v - )12 - Q)"
[QA; + (1= Q)Ay +1Q(Ay — R)] + (2 — Q)[ay(Ag — R) — AglQ:

Q(Qt,Q) =

Apparently, for « > A, (A; — R)~!y L and 7 > 7, 0 < 0(t, Q) < \*(a, t) and 0(Q:, Q) is decreasing
in @; and increasing in . From (9), we know that pyi1/p: < 7 if and only if A < 6(Q:, Q). Q.E.D.

Proof of Proposition 8:

To prove this proposition, we first show that the central bank’s optimization problem can be
transformed into a dynamic programing problem.

Let oy = v~ (R} — R?), h(M—1,0¢) = min{1, v\, + (1 — v)\—1 +vo¢} and

Y= 1A;Qup + [Q1Ag + (1 — Q1) Ay }

Fy(M, Q) =1
% Q) Og{ ¥ pe+2—Q

where p, = (2 — Q)M(1 — X)L, From (10), we have log(Yiy1) = Fi(At, Q) + log(Y:). Given the

initial values of Yy and A_q, the government’s optimization problem is

400
Jo(A-1,Yp) = sup Zﬁtlog(Ytﬂ) (1)
{Xe,Fe+1}ez0 =g
subject to
0 S )\t = h()\t—170-t) S 0(t7Ql) (2)
log(Yis1) = Fi(A, Qi) + log(Y?) (3)



or

0 <At <min{h(N_1,0¢),0(t,Qr —n)} (4)

log(Yit1) = Fy(M, Q1 — 1) + log(Y3) (5)

The problem can also be written as a dynamic programing problem

Ji(Ai-1,Y1) = sup {log(Yis1) + BJi1 (N, Yeg)} (6)

At,Jtt1

subject to constraints (2) through (5). For the log utility function, the two state variable problem

(6) can also be reduced to a one state variable problem. Let

1

Vi(Ade—1) = Je( M1, Y2) — e

log(Y?)

Then, we have

Lemma 1 {Vi(.)}t>0 is the unique left-continuous and bounded solution to the following functional

equations:

Vi(hio1) = max{V;" (h(A—1,0¢)), Vi (h(Xi—1,00))} (7)

Vir(A) = sup {F(N,Qu—n) + Vs (N)} (8)
0<X <min{A,0(t,Qs—n)}

Vie(A) = [F(A, Q1) + BVir1(N)] Xo<o1,0) 9)

where X is the indicator function. Furthermore, V,™ is bounded, continous and nondecreasing and

Vi~ 1s bounded and left-continuous.

Proof: The existence, uniqueness and continuity of the value functions follow from standard

dynamic programing argument. To see that V;'(.) is nondecreasing, note that if x; < x9, then

[0, min{z1,0(t,Q; —n)}] C [0,min{xs,0(¢,Q; — n)}], and therefore V; (z1) < V;" (22). Q.E.D.

We now prove Proposition 8. The fact that the optimal policy will always involve direct credit
control after any finite period can be proved by using the similar argument as the one used in

proving Proposition 6. We now show that, for any ¢ > 0, it is not optimal to impose direct credit



control in every period t + s for s > 0. Here, we will simply refer imposing direct credit control as
control. We prove this by successively proving several claims.

Claim 1. For any t > 0, if the optimal policy in period ¢+1 is to control, then either h(A;_1,04) >
0(t,Q;) and it is optimal to control and set \s = 6(¢t,Q; — n); or At = h(A—1,0¢) < 0(¢, Q1) and it
is optimal to have no control in period t.

Proof: Suppose that h(\—1,0:) < 6(¢,Q;) and it is optimal to control in period ¢, then A\; <
min{h(A1,0¢),0(t,Q; —n)}. Since by assumption it is optimal to control in period ¢ + 1, we have

Viei(\) = Vtil()\t). Because th:l is nondecreasing, and by the definition of A\;, we have

Vi (h(Ae1,01)) = Fe(Ae, Q1 = 1) + Vi1 (Ae)
= F(A\, Q—n) + BV (M)
< Fy(min{h(X—1,04),0(t,Q — )}, Qi — n) + BV L1 (M)
Fy(min{h(A—1,00),0(t,Qu—n)}, Qi —n)

+6V,E (min{h(N\—1,0¢),0(t, Q1 — n)})

IN

which contradicts the definition of V. So if h(\r_1,0¢) < 0(¢,Q;) then it is optimal not to control
in period ¢ and, therefore, \y = h(A—1,0¢). If h(M\—1,04) > 0(t,Qy), then direct credit control is
required and A\ < 0(¢,Q; — n). Using the same argument as the one we have just used above, we
can show that the optimal \; is simply 0(¢,Q; — n).Q.E.D.

Claim 2. 1f it is optimal to control in every period t + s for s > 0, then it must be true that
h(At4s—1,0t4s) > 0(t 4+ s,Q1) and Aeys = 0(t + 5,Q; — ) for every s > 0.

Proof: If for some s > 0 we have h(Aiys—1,0145) < 0(t + s,Q;), then, by the assumption that
it is optimal to control in ¢t + s + 1 and by Claim 1 we know that it is not optimal to control in
period t + s, which is contradictory to our assumption. Therefore, the inequality has to hold for
every s > 0. From Claim 1, then, we know that A\ ys = 6(t + s,Q; — ) for every s > 0.Q.E.D.

Claim 3. If Assumption 4 holds, then it can not be true that there exist a ¢ > 0 such that, for
every s > 0, h(Atys—1,0t4s) > 0(t +5,Q;) and A\pys = 0(t + 5,Q; — 7).

Proof: Assume that for some t > 0, h(Apys—1,0115) > 0t + 5,Q;) and A\eys = 0(t + 5,Q; — 1)



for every s > 0. Then, letting s — 400 and taking limits we have lims_, {0 A5 = 0(Q; — ) and
h(O(Q —n),7) > 8(Qu)
By the definition of the function A(.,.) and the fact that \, < 6(Q;), we have
hO(Qr —1),7) <vB(Qr) + (1 —v)8(Qr — 1) +vT
So the above two inequalities imply
0(Q) —0(Q—mn) <v(1-v)"'7

which is contradictory to Assumption 4.Q.E.D.

Thus, Proposition 8 has been proved.



