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Abstract
We use the returns on a set of international ﬁnancial securities to identify exogenous
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1. Introduction
The large public debts accumulated by many OECD economies during the
last two decades have created serious concern about the sustainability of ﬁscal
policies and have become a major topic of policy debate. Much of the
economic literature on this subject rationalizes these large public debts as the
consequence of public sector bias towards deﬁcits.1 However, the analysis fails
to explain why the public debt problem emerged in the mid-seventies and not
before (see Alesina and Perotti, 1995). To address this question, some authors
have started to consider the role of exogenous ‘‘ﬁscal shocks’’Funexpected
changes in government spending and revenuesFas a source of the rising public
debt. However, their attention has largely been focused on how political and
ﬁscal institutions aﬀect the government’s response to ﬁscal shocks,2 rather than
on the shocks themselves. Few studies have tried to investigate the actual
contribution of ﬁscal shocks to the rising public debt. The question of what
governments can and should do to mitigate these shocks is also left
unanswered.
The focus of this paper is on ﬁscal shocks and it contributes to the literature
in three key ways. First, we estimate the contribution of exogenous factors to
variations in the primary surplus and measure their empirical importance
to the rising public debt. Second, we characterize the response of ﬁscal policy to
these shocks. Finally, we show how a policy of ﬁscal risk management can
mitigate the adverse consequences of these external inﬂuences, and estimate the
potential gains from ﬁscal risk management in terms of improved sustainability, lower average taxes and increased welfare. As an empirical example we
focus on the primary surplus and debt levels of the Canadian federal
government over the last 40 years. Canada provides a good example for our
analysis because, during this period, the behavior of the public debt in Canada
was very similar to that of the OECD average. Moreover, since Canada is a
small open economy, it is much easier to identify ﬁscal shocks that are clearly
exogenous to the Canadian government.
A key novelty of our analysis is that we identify exogenous ﬁscal shocks
using the returns on several international ﬁnancial securities. The idea behind
this approach is that if the ﬁnancial market is relatively complete, then the
relevant risk can be represented by some combination of these market returns.
In addition to being exogenous with respect to Canada’s ﬁscal policy, we ﬁnd
that these variables capture a larger portion of the variation in the primary
1
See Persson and Svensson (1989), Roubini and Sachs (1989), Tabellini and Alesina (1990), Grilli
et al. (1991), Tabellini (1991), and Alesina and Perotti (1996). Alesina and Perotti (1995) provide an
excellent survey of this literature.
2

See Von Hagen (1991), Poterba (1994), Bayoumi and Eichengreen (1996), Bohn and Inman
(1996) and Alesina and Perotti (1996).
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surplus than the growth rate of GDP or the unemployment rateFvariables
that have been used in previous studies (e.g. Roubini and Sachs, 1989). Indeed,
our empirical analysis reveals that the majority of the variation in the primary
surplus over this period can be replicated by a linear combination of returns on
international ﬁnancial securities. In particular, the large deﬁcits that were
experienced in the seventies and early eighties can largely be attributed to these
exogenous ﬁscal shocks. We also ﬁnd that the surplus process is best
characterized by a time-invariant function of current and past shocks with
an abrupt policy regime shift towards higher primary surplus in the mid-1980s.
Our empirical results suggest that the problem of rising public debt in
Canada was caused by a series of adverse exogenous shocks that occurred in
the late seventies and early eighties, and that the problem was aggravated by
the delay in the government’s response to the rising debt. Rather than adjusting
the primary surplus continually in response to the rising debt level, the
Canadian ﬁscal authorities maintained the original ﬁscal policy rule long after
the adverse shocks occurred. A signiﬁcant shift in the stance of ﬁscal policy
took place only when the net debt reached an alarmingly high level and a new
government came into power.3 Our evidence appears to be more consistent
with the predictions of a political economy model (e.g. Alesina and Drazen,
1991) that emphasizes the role of adjustment costs in causing delays, rather
than with the basic tax-smoothing model.
The use of ﬁnancial market returns to represent exogenous shocks to the
primary surplus allows us to address two key questions: (1) To what extent can
exogenous shocks to the primary surplus be diversiﬁed in the international
ﬁnancial market, and (2) What are the potential gains of adopting such a ﬁscal
risk management strategy? According to the optimal dynamic taxation theories
of Barro (1979) and Lucas and Stokey (1983), tax rates should be maintained
at relatively constant levels and should not be used to oﬀset all of the
exogenous shocks to the primary surplus. For political and institutional
reasons, ﬁscal authorities may not be able to adjust ﬁscal policy instantaneously. In the absence of state contingent borrowing and lending, however, a
stable ﬁscal policy may become unsustainable as the eﬀects of the exogenous
shocks accumulate and result in a rising debt,4 which could force the
government to drastically raise taxes and cut spending in order to reduce the
debt. The more volatile is the primary surplus, the more likely it is that the tax
rate will have to be increased in the future. By hedging away the volatile
component of the primary surplus that is associated with the exogenous

3
The year in which the ﬁscal policy change took place is also the year after the Conservative
Party became the majority party in the Canadian parliament.
4

Bohn (1991) provides several theoretical examples that illustrate the need for the government to
issue state contingent bonds in stochastic economies.
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shocks, ﬁscal risk management might help to reduce the probability of an
excessively large and rising public debt.
To address these issues, we develop a conceptual framework that is
consistent with our empirical observations and consider a simple hedging
strategy that eﬀectively replaces the diversiﬁable component of the primary
surplus with a constant cash-ﬂow that has the same present value. We estimate
the gains from ﬁscal risk management in terms of the sustainability of ﬁscal
policy, average tax rates and welfare. We ﬁnd that by increasing the
sustainability of ﬁscal policy, ﬁscal risk management results in sizable welfare
gains by lowering expected tax rates in the short and long run. Moreover, we
ﬁnd that equally sizable welfare gains arise from diversiﬁcation: hedging
reduces the likelihood of high taxes when they are most costly to the economy.
We are not the ﬁrst to emphasize the importance and potential beneﬁts of
using ﬁnancial market instruments in government ﬁnance. In their seminal
work, Lucas and Stokey (1983) show that state contingent bonds are crucial in
implementing the optimal ﬁscal policy and maintaining the time-consistency of
the policy in the face of stochastic shocks.5 Bohn (1990) provides empirical
evidence that ﬁnancial market instruments may help the US government to
further smooth its tax rates and, therefore, improve welfare. In contrast, we
emphasize the role of ﬁscal shocks in aﬀecting the variation in budget surplus
rather than in the tax rates. Our analysis shows that the impacts of these shocks
have largely been absorbed by the government through risk-free borrowing
and lending and have, therefore, resulted in rising debt. While Bohn argues that
risk management may help the government to reduce the short-run variations
in the tax rates, we show that ﬁscal risk management can also help to reduce
the probability of having a high debt, enhancing the long-run stability of ﬁscal
policy and thereby raise welfare.
The analysis contained in the rest of the paper is divided into two sections. In
Section 2, we estimate the impact of exogenous factors on the surplus process
and determine the response of the ﬁscal policy stance of the government to
those factors. In Section 3, we develop a method for evaluating the potential
gains of ﬁscal risk management, and apply it to the Canadian example using
the empirical speciﬁcation developed in Section 2. Section 4 oﬀers some
concluding remarks. Details regarding data, our calibration methodology,
other details regarding the robustness of our empirical results and technical
details of our simulation algorithm are provided in an appendix.6

5
Zhu (1995) shows that, in an economy with capital, government bonds that are linked to capital
returns can be used to ensure the time-consistency of optimal ﬁscal policy even if there are no
stochastic shocks.
6

The appendix is available at http://qed.econ.queensu.ca/pub/faculty/lloyd-ellis/papers/ﬁscrisk.html.
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2. Fiscal shocks and policy response
After being consistently in surplus until the early 1970s, the Canadian budget
balance exhibited almost continuous deﬁcits during the seventies and early
eighties, followed by persistent surpluses from the mid-1980s. The purpose of
this section is to determine how much of the variation in the surplus can be
attributed to external inﬂuences and what parts to signiﬁcant shifts in ‘‘ﬁscal
stance’’.
2.1. The exogenous ﬁscal shocks
We use the market returns on a set of international ﬁnancial assets to
measure ﬁscal shocks. These market returns have been used extensively in the
ﬁnance literature to represent underlying factors in stock market returns
and to capture cyclical activity in the US (and, hence, the Canadian) economy.
Since Canada is a small open economy, it is safe to assume that these
international variables are not inﬂuenced by the government’s ﬁscal policy.
Moreover, if the ﬁnancial markets are relatively complete, then it should be
possible to replicate a large portion of the ﬁscal risk using some combination of
these returns.
The asset return variables are the value weighted return on the New York
Stock Exchanges VWR (from the CRSP tape), the dividend yield DIV on the
CRSP value-weighted index (measured as a 1-year backward moving
average of dividends divided by the most recent stock price), the 3-month
Treasury bill rate TBILL, the 1 year moving average of the 3-month Treasury
bill rate TBMA; and the yield on 10 year government bonds, LONGR. These
variables, or linear combinations of them, have been found to forecast asset
returns and are discussed in more detail in Campbell (1996). We multiply each
of these by the nominal exchange rate to obtain the Canadian dollar value of
the return on each US dollar invested. This ensures that the US dollar values of
the returns are independent of the exchange rate and, therefore, Canadian
government’s policy. Let Xt denote the vector that contains these return
variables.
2.2. The ﬁscal policy rule
We adopt the following speciﬁcation of the primary surplus process:
st ¼ Gt þ a0 Xt þ rst1 þ et :

ð1Þ

Here st is the ratio of the nominal primary surplus to nominal GDP.
The vector a measures the marginal impact of the exogenous
shocks to the primary surplus. It represents both the eﬀects of the
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shocks under a given policy and the eﬀects through policy response to
shocks.7 The term Gt summarizes the permanent components of the
government’s policy variables. It could be time-varying and may change in
response to the debt level and political events. The lagged surplus term is
intended to capture the persistency of the surplus process.8 Finally, the error
term et is assumed to be a normal random variable that is uncorrelated with Xt ;
Gt and st1 : In Section 3, we present a small open economy model in which the
equilibrium primary surplus process takes exactly the form that is speciﬁed in
(1) with r ¼ 0; and Gt is a linear function of the eﬀective tax rate on output.
In order to estimate (1), we need to specify how the policy variable Gt evolves
over time. Two alternative speciﬁcations are considered in our empirical
analysis: (1) Gt is a linear function of debt-GDP ratio, and (2) Gt is a step
function of time. The ﬁrst case corresponds to Barro’s tax smoothing policy
according to which the permanent components of the tax policy should be
adjusted continually in response to the debt level. The policy rule implied by
the second case is consistent with the recent political economy literature that
emphasizes delayed ﬁscal adjustments due to political or institutional
constraints.
2.3. The contribution of ﬁscal shocks to the primary surplus
To determine the quantitative importance of exogenous shocks to the
variation of the primary surplus, we ﬁrst run a simple linear regression of the
surplus-GDP ratio, st on the shock variables Xt over the period 1958:1–1994:4.
The result is reported in the ﬁrst column of Table 1. Although the Durbin–
Watson statistic suggests that there is serial correlation in the residuals, this
regression illustrates the striking fact that almost 70% of the variation in the
surplus can be replicated by a simple linear combination of the asset returns.
When we include a lagged dependent variable, as in the second column, the
speciﬁcation of the model improves, but it does not add much in terms of its
explanatory power. Moreover, the parameters of the model are quite robust to
its inclusion.9
Fig. 1 shows that there appears to have been a shift in the mean of the
residuals during the mid-1980s. After this point, although the model continues
7

For example, government expenditures on existing programs may be a function of the shocks,
and the government responses to the shocks by setting the taxes equal to a01 Xt : Then,
a ¼ a0 þ a1 : In principle, these parameters may not be constant over time.
a00 Xt ;

8
This could be due to the costs associated with adjusting the surplus to the government’s longrun target levels.
9

As a comparison, we also ran the same regressions but including the change in real GDP growth
and the unemployment rate, instead of Xt ; as shock variables. The results show that a much smaller
portion of the variation in the surplus can be explained by these traditional shock variables (see
appendix).
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Table 1
Decomposing the primary surplusa
Variable

Shock

Lag

Debt

Dummy

Shift

Pre-77

No lag

VWR

0.005
(0.57)
1.28
(12.97)
0.22
(3.57)
0.19
(3.34)
0.38
(5.92)

0.012
(1.56)
0.54
(5.01)
0.08
(1.59)
0.14
(3.29)
0.09
(1.46)

0.006
(0.90)
0.64
(6.06)
0.22
(3.73)
0.22
(4.88)
0.22
(3.13)

0.003
(0.43)
0.69
(7.04)
0.33
(5.62)
0.27
(6.26)
0.22
(3.82)

0.003
(0.43)
0.69
(7.09)
0.33
(5.68)
0.27
(6.34)
0.22
(3.97)

0.003
(0.04)
0.70
(5.05)
0.30
(2.53)
0.22
(2.47)
0.28
(2.47)

0.004
(0.55)
1.09
(14.18)
0.51
(9.24)
0.35
(7.71)
0.41
(8.46)

SLAG

0.0534
(18.70)
F
F

0.0319
(5.35)
0.24
(2.24)
F

F

F

0.0319
(6.64)
0.38
(5.83)
0.0002
(0.09)
0.0109
(4.91)

0.0317
(8.39)
0.38
(5.86)
F

DUM

0.0167
(4.21)
0.50
(7.77)
0.0070
(4.18)
F

0.0506
(23.15)
F

DEBT

0.0218
(5.48)
0.61
(9.58)
F

F

0.0157
(10.30)

76
0.75
1.96

148
0.82
1.20

DIV
LONGR
TBILL
TBMA

Constant

NOBS
2
R%
D–W
CUSUM
FTEST

148
0.68
0.69
5.69
25.6
[0.000]

148
0.81
2.06
3.63
7.30
[0.000]

148
0.83
2.06
3.21
5.00
[0.000]

148
0.85
2.03
F
F
F

0.0108
(6.70)
148
0.85
2.04
F
F
F

F
2.09
[0.08]

F

F
F
F

a
Notes: (1) t-statistics are given in parentheses. (2) P-values in square brackets. (3) In the ﬁrst 3
columns, FTEST refers to a Chow test for a structural break in 1986:2: In the sixth it refers to a test
of whether the coeﬃcients on the X-variables in and out of sample are the same. (4) The Xvariables are not demeaned in these regressions.

to replicate the direction of movements in the surplus, it understates its true
level. This is consistent with a level shift in the permanent components of the
government’s ﬁscal policy. The CUSUM test (which is a t-statistic testing for
structural stability) reported in the table shows that the null of no structural
change is rejected at the 5% level.
2.4. The shift in ﬁscal stance
There are several reasons to suspect that there may have been a signiﬁcant
change in the ﬁscal stance of the Canadian government during the 1980s. These
include the rapidly rising debt, the associated pressure from ﬁnancial markets
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Fig. 1. Residuals from surplus regression.

and a shift to a more conservative role for government. In the third column of
Table 1, we include the debt–GDP ratio (DEBT) as an additional regressor to
see if the structural change(s) can be explained by a continuous response of the
ﬁscal policy to the rising debt, as suggested by the Barro’s tax smoothing
theory. Although DEBT is indeed a statistically signiﬁcant regressor, there is
still evidence of structural change as indicated by the CUSUM test.
An alternative to Barro’s tax smoothing theory is the war of attrition model
of Alesina and Drazen (1991), which emphasizes the political costs of adjusting
ﬁscal policy. According to this theory, ﬁscal response to the rising debt may be
delayed due to conﬂicts among diﬀerent groups about how the burden of the
required policy change is to be shared. Because of the delay, the change in the
government’s ﬁscal policy is better described by a discrete regime change. Here
we identify the potential regime change by estimating the following switching
regression model:
(
c1 þ a01 Xt þ r1 st1 þ e1t if tpt * ;
st ¼
ð2Þ
c2 þ a02 Xt þ r2 st1 þ e2t if t > t * ;
where e1t BNð0; s21 Þ; e2t BNð0; s22 Þ and t * is unknown. We use the maximum
likelihood method to estimate both the parameters and the break point t * : The
estimated t * is the second quarter of 1986. Fig. 2 illustrates the maximized loglikelihood function (conditional on t * ) for diﬀerent switching dates. This ﬁgure
illustrates quite clearly why maximum likelihood estimation pinpoints the
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Fig. 2. Log-likelihood function.

structural break as having occurred between the ﬁrst and second quarter of
1986. We test the signiﬁcance of a structural break at this date with Chow tests
for each of the regressions models discussed above. As can be seen this
hypothesis cannot be rejected at the 5% level.
To examine further the nature of this regime switch we re-run the regression
reported in column 3 of Table 1 by introducing a dummy variable which takes
on the value one after 1986 and zero otherwise. The fourth column of Table 1
documents this regression. When we account for the structural break in this
way, the debt–GDP ratio is no longer a signiﬁcant explanatory variable. This
suggests that its signiﬁcance in the previous regression was not the result of a
stable relationship over shorter sub-periods. Indeed, when we estimated the
regression within each regime, the debt–GDP ratio was no longer signiﬁcant.10
Our preferred model is therefore represented by the regression model
documented in the last column of Table 1. It corresponds to a special case
of (1) when ft is a step function of time that has an upward step at the second
quarter of 1986.
To test the stability of the parameters on the shocks and the lagged surplus
across the two regimes, we also regressed the residuals from our preferred
regression on the explanatory variables within each regime. We could not reject
the joint hypothesis that these parameters are constant across regimes. In other
10

The reason for the signiﬁcance we found in the previous regression seems to stem from the fact
that both the surplus and the debt has moved upward during 1980s.
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Fig. 3. Actual and forecast primary surplus.

words, the change in policy stance is largely consistent with an increase in the
permanent components of the surplus after the ﬁrst quarter of 1986 rather than
a change in the marginal responsiveness of the surplus to the exogenous
shocks.11
Based on these empirical results, we interpret the Canadian government’s
surplus process as follows: Under the ﬁscal policy rule that was in place in the
1960s and 1970s, the exogenous ﬁscal shocks accounted for about 70% of the
variation in the primary surplus. Until the mid-1970s, the combination of the
policy rule and the shocks had resulted in positive surpluses on average.
Beginning in the mid-1970s, however, the exogenous shocks caused a sustained
period of deﬁcits and resulted in the rising debt under the original policy rule.
Instead of adjusting its ﬁscal policy immediately in response to the deﬁcits and
rising debt, the government continued the original policy until 1986 when it
adjusted the surplus level upward permanently.12 This adjustment, along with
more favorable exogenous shocks, resulted in a return to positive primary
surpluses in the late 1980s and early 1990s. The behavior of the Canadian
primary surplus therefore appears to be more consistent with the political
11
As we show below, a forecast of the surplus in the latter half of the sample using data from the
ﬁrst half of the sample tracks the actual surplus quite well (see Fig. 3).
12
This timing accords well with the observations of Fortin (1999) who notes ‘‘The ﬁscal
authorities made a ﬁrst attempt at ﬁscal consolidation in 1985–1987, largely based on an increase in
the overall tax rate from 32% to 35% of GDP’’.
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economy model of Alesina and Drazen (1991) than with the tax smoothing
model of Barro (1979).

3. Fiscal risk management
The analysis of the previous section raises some intriguing questions: given
that much of the variation in the surplus can be replicated by the return on a
portfolio of international securities, could the government mitigate the impact
of these ﬁscal shocks by hedging the risk? Moreover, under what conditions
would such a policy be desirable? In this section, we investigate the potential
role for systematic ﬁscal risk management as part of the government’s overall
debt policy. To do so, we develop a framework for analyzing the impact of the
government’s ﬁscal policy on welfare that is consistent with the international
asset pricing model that we use for determining the cost of hedging.
3.1. A small open economy
Consider a small open economy populated with a large number of identical,
inﬁnitely-lived households. There is only one tradable physical good that is
consumed by both domestic and foreign households. Thus, the purchasing
power parity holds in this model economy. Time is discrete. Let zt be the state
variable that summarizes the exogenous shocks in period t; and zt ¼
ðz0 ; z1 ; y; zt Þ be the history of shocks up to period t: We assume that there is
a complete world ﬁnancial market in which all contingent claims with payoﬀs
that are a measurable function of zðtÞ can be traded. Under this assumption and
the assumption of no-arbitrage, there exists a unique sequence of stochastic
discount factors, fMt gtk0 ; such that the time t price of a contingent claim that
pays f ðzðtþjÞ Þ units of the consumption good in period t þ j is13


Mtþj ðtþjÞ
f
P ðt; jÞ ¼ Et
f ðz
Þ :
ð3Þ
Mt
The small open economy assumption implies that the stochastic discount
factors are exogenous with respect to domestic agents’ actions. In particular,
changes in the domestic government’s ﬁscal policy has no eﬀect on them.
3.1.1. Preference and technology
The domestic households’ preference over the consumption plan c ¼ fct gtk0
%
is represented by a utility function UðcÞ: Here, we do not impose
any
%
restrictions on Uð:Þ except that it is concave and that, for any c and d > 0;
Uðc þ dÞ > UðcÞ; where c þ d is deﬁned as fct þ dgtk0 : In particular,% Uð:Þ can be
%
%
%
13

See, for example, Harrison and Kreps (1979).
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the same or diﬀerent from those of the foreign investors and it can represent
non-expected utility, as in Epstein and Zin (1989), or time non-separable
utility, as in Abel (1990). Our welfare measure deﬁned below is independent of
these considerations.
The representative household in the domestic economy can produce the
consumption good with the following concave production technology:
yt ¼ ct kat ;

0oao1;

ð4Þ

where yt and kt are the period t output and capital input, respectively, and ct is
domestic productivity, which evolves stochastically. The output can be either
consumed or converted one to one into capital. The capital investment decision
is made one period ahead and capital depreciates at the rate d: The government
taxes output minus depreciation at the rate tt : In each period, the household
allocates her after-tax output between consumption, capital investment
and investment in ﬁnancial contingent claims. Let ct and btþ1 ðzðtÞ ; ztþ1 Þ
denote the household’s consumption and contingent claim holding in
period t; respectively. Then, the household’s budget constraint in period t is


Mtþ1
ðtÞ
ct þ Et
btþ1 ðz ; ztþ1 Þ þ ktþ1 pð1  tt Þðct kat  dkt Þ þ kt þ bt :
ð5Þ
Mt

3.1.2. Optimal investment and the welfare function
Under the complete market assumption, Fisher separation applies with
respect to the household’s consumption and production decisions. Let
W0 ¼

N
1 X
E0 Mt ½ð1  tt Þðct kat  dkt Þ þ kt  ktþ1
M0 t¼0

ð6Þ

denote the household’s wealth at time zero. Then, for any given level of W0 ; the
household’s welfare is
(
)
N
1 X
V0 ðW0 Þ ¼ max UðcÞ; s:t:
E0 Mt ct pW0 :
ð7Þ
c
M0 t¼0
%
%
In particular, the government’s ﬁscal policy aﬀects the household’s welfare
only through its impact on current wealth W0 : Thus, from now on, we will refer
to W0 as the household’s welfare. Since this welfare measure is independent of
preferences, any welfare gains from ﬁscal risk management must come from
increasing the domestic household’s wealth, not from smoothing the household’s consumption proﬁle.
For any given ﬁscal policy, the household chooses her investment decision to
maximize her production wealth, W0 : It is straightforward to show that the
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optimal investment rule is given by

1=ð1aÞ
aEt1 ½ðMt =Mt1 Þð1  tt Þct
;
k#t ¼
1  Et1 ½ðMt =Mt1 Þð1  dð1  tt ÞÞ
so that the household’s maximized wealth is
N
1 X
a
E0 ½Mt ð1  tt Þct k#t :
W# 0 ¼ ð1  dð1  t0 ÞÞk0 þ ð1  aÞ
M0 t¼0

321

ð8Þ

ð9Þ

Given a joint distribution over future ﬁscal policy and the stochastic discount
factor, (9) can be used to compute aggregate expected wealth. With complete
markets, changes in wealth provide a compensating variation measure of
welfare that is independent of domestic preferences.
3.2. The government’s ﬁscal policy
The government’s primary surplus in period t is
a
St ¼ tt c k#  Gt ðzt Þ;
t t

ð10Þ

where Gt denotes government expenditure. Let st ¼ St =yt ; and gt ¼ Gt =yt : We
assume that fgt gtk0 is an exogenous stochastic process. The implied primary
surplus–output ratio can then be expressed as
st ¼ tt  gt ðzt Þ:

ð11Þ

The expression of the equilibrium primary surplus process in (11) is
consistent with the empirical speciﬁcation we used in Section 2 with r ¼ 0: In
fact, if we assume that
gðzt Þ ¼ g%  a0 Xt  et ;

ð12Þ

where g% denotes the mean government spending to output ratio, it follows that
the permanent component of the government’s policy variables (the ﬁrst term
in (1)) can be represented as
Gt ¼ tt  g% :

ð13Þ

Thus, a change in Gt corresponds to a change in the tax rate tt :
Let Dt ðtÞ be the real level of government debt at the end of period t when the
eﬀective tax rate in period t is t: Then, we have
Dt ðtÞ ¼ ð1 þ rt1 ÞDt1  ½t  gt ðzt Þ yt ;

ð14Þ

where rt is the eﬀective real interest rate on government debt. We also
deﬁne
N
1 X
Vt ðtÞ ¼
Et Mtþj ½t  gtþj ðztþj Þ ytþj
ð15Þ
Mt j¼1
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to be the present value of the government’s real primary surpluses if the tax
rate continues to be t in the future. We deﬁne the real ‘‘net debt’’ as the real
debt minus the present value of future surpluses under the existing tax policy,
Dt ðtÞ  Vt ðtÞ: The net debt measures the government’s ability to repay its debt
if it retains the existing tax policy.
We consider a simple, benchmark policy rule that is consistent with the
empirical behavior of the primary surplus we reported in Section 2. We assume
that the government faces an upper bound, f; on the net debt–output ratio. The
eﬀective tax rate remains at its ‘‘normal’’ level, t0 ; as long as the net debt–output
ratio is below the upper bound. Whenever the ratio reaches or exceeds the upper
bound, the tax rate is raised to a ‘‘crisis’’ level, t * ; until the net debt, evaluated
under the normal tax regime, falls to zero. At this point the eﬀective tax rate is set
back to its normal level. Thus, if the eﬀective tax rate in period t is tt we have
8
t0 if tt ¼ t0 and Dt ðtÞ  Vt ðt0 Þofyt ;
>
>
>
<t
if tt > t0 and Dt ðtÞ  Vt ðt0 Þp0;
0
ð16Þ
ttþ1 ¼
*
>
t
if tt ¼ t0 and Dt ðtÞ  Vt ðt0 ÞXfyt ;
>
>
:
t * if tt > t0 and Dt ðtÞ  Vt ðt0 Þ > 0;
where t * is set high enough so that the net debt declines on average over time:
Dt  Vt ðt * Þo0: The level at which the crisis tax rate is set determines the average
speed with which the net debt is reduced, and the normal tax regime is resumed.
Given this policy rule, we can then evaluate the impact of risk management on
welfare. Note that since ttþ1 is a function only of variables known at time t; its
value can be predicted by agents one-period ahead.
The policy rule described by (16) is consistent with the empirical
observations in Section 2, but is not uniquely so. In our simulations we also
consider a number of alternatives. The Maastricht policy rule14 speciﬁes an
increase in taxes whenever the ratio of the debt (rather than the net debt) to
% and a decrease when it reaches a lower
GDP reaches some upper bound, f;
bound f: The three-tax policy rule allows for a third, ‘‘boom times’’ tax rate, t3 ;
whenever the net debt falls below some negative bound f3 : There are several
reasons why we prefer our benchmark policy rule. First, basing the rule on
the net debt and not allowing a third, low tax rate regime ensures that the
government’s intertemporal budget constraint is met.15 Second, over the
sample period the Canadian net debt rose monotonically, whereas the debt–
GDP ratio of the early sixties exceeded the level reached in 1986. Finally, the
Stability Pact rules are based on some kind of steady-state capacity to pay. In a
14
This is the kind of rule speciﬁed in the European Union’s Stability Pact that is associated with
the Maastricht Treaty.
15

In our simulations, the true present value of government surpluses, taking into account of
potential tax changes, always exceeds the current debt.
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long-run steady state, Vðt0 Þ would be a constant fraction of GDP, so that our
benchmark rule would be equivalent to a Maastricht-type rule.16
3.3. Hedging strategy and its valuation
3.3.1. The hedging strategy
Without hedging, real government debt evolves according to the following
equation:
Dt  Dt1 ¼ rt1 Dt1  St ¼ rt1 Dt1  ½tt  g% þ a0 Xt þ et yt :

ð17Þ

For a given eﬀective tax rate, the debt may increase rapidly if the surplus
process experiences a large negative shock (e.g., a large negative value of a0 Xt ).
Ex ante, the government can avoid some of these negative shocks through
hedging. In this paper, we want to consider a hedging strategy that is
potentially feasible to implement in practice. To do so, we require that the
hedging to be done with nominal securities rather than real or inﬂation indexed
securities. To avoid potential moral hazard problems, we further require that
the US dollar value of the cash-ﬂow from the hedging portfolio to be a ﬁxed
function of the market returns, Xt ; and unaﬀected by the domestic
government’s ﬁscal policy changes.
Let Pt be the US price level in period t and Y% t ¼ emy% t P0 y0 denote the trend of
domestic output measured in US dollar. So my% is the average nominal output
growth rate (in US dollars). Then, we can express the US dollar value of the
primary surplus as
StN ¼ ðtt  g% þ et ÞPt yt þ a0 Xt ðPt yt  Y% t Þ þ a0 Xt Y%t :
ð18Þ
Here, we consider a simple hedging strategy that hedges the third component of
the surplus process, a0 Xt Y% t : Speciﬁcally, the hedging strategy that we consider
is as follows: at some date t; the government starts to hold a portfolio whose
payoﬀ in US dollars in period t þ j is
hðXtþj ; t þ jÞ ¼ s%Y% tþj  ða0 Xtþj ÞY% tþj ;
ð19Þ
where s% is chosen so that with the time t present value of the portfolio is zero.
This hedging strategy eﬀectively replaces a volatile component of the primary
surplus with a deterministic cash-ﬂow that is a constant percentage of the trend
nominal output, and which has the same present value. One way to implement
such a hedging strategy is by entering into an Index-Linked-Swap with
investors, with the ﬂoating index being ða0 Xtþj ÞY% tþj :17
16
Moreover, the Maastricht rules specify some margins such that the debt can violate the upper
bound for short periods, which is similar in spirit to our use of a bound on the net debt–GDP ratio.
17
Various kinds of Index-Linked-Swaps have now been widely traded by many ﬁnancial
institutions, although not with inﬁnite maturity. We discuss the potential problems of implementing
such a swap in the conclusion.
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We focus our attention on such a hedging strategy for three reasons: First,
variations in a0 Xt Y% t account for about 60% of the variations in the Canadian
primary surplus–output ratio. Therefore, hedging this component of the
primary surplus process is likely to generate signiﬁcant welfare gains. Second,
since the value of Xt is determined in the US ﬁnancial market independent of
the Canadian government’s actions, there are no transaction costs due to the
potential for the government to partially default on its liability by inﬂating.
Finally, as explained above, the hedging strategy is feasible in practice, because
its cash-ﬂow depends only on the returns of existing (nominal) assets.
3.3.2. Valuation
Under hedging, the real surplus process becomes
0
%
shtþj ¼ ðttþj  g% þ etþj þ a0 Xtþj Þytþj þ P1
tþj ðs%  a Xtþj ÞYtþj

ð20Þ

and the real present value of the primary surpluses is
Vth ðtÞ ¼ Vt ðtÞ þ

N
1 X
n
Et Mtþj
ðs%  a0 Xtþj ÞY% tþj ;
Mt j¼1

ð21Þ

where
n
¼ Mtþj P1
Mtþj
tþj

ð22Þ

is the nominal stochastic discount factor for pricing securities denominated in
US dollars.
By diversifying the market risk, the debt process under hedging is less
volatile. However, whether the net debt is less likely to hit the upper bound
under hedging depends on the value of s%; which is determined by
N
X

n
Et ½Mtþj
s%Y% tþj ¼

j¼0

N
X

n
Et ½Mtþj
a0 Xtþj Y% tþj

ð23Þ

j¼0

or
PN
s% ¼

n
Et ½Mtþj
a0 Xtþj Y% tþj
PN
:
n %
j¼0 Et ½Mtþj Ytþj

j¼0

ð24Þ

n
When Covt ½Mtþj
; a0 Xtþj o0 for all j > 0; then ða0 Xtþj ÞY% tþj contains a
component of systematic risk and the government has to pay a risk-premium
for downloading the risk to investors. In this case, the cash-ﬂow the
government receives, s%Y% tþj ; is actually negative. The debt will grow faster on
average under hedging if the size of this negative cash-ﬂow is too large.
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3.4. Modeling the shocks and asset pricing
In order to quantify the hedging cost and to evaluate domestic households’
welfare, we need to specify a joint stochastic process for the shock variables Xt ;
the discount factors Mt and Mtn ; the US price level Pt ; the eﬀective real interest
rate on domestic government debt rt ; and domestic productivity ct :
3.4.1. The process for Xt
* t ¼ ðX1;t ; X2;t ; X3;t ; X4;t Þ; which consists of the
We assume that the vector X
demeaned asset returns VWR, DIV, LONGR and TBILL, follows a vector
autoregressive (VAR) process:
* t ¼ AX
* t1 þ ut ;
X

ð25Þ

where A is a matrix of coeﬃcients, ut is i.i.d., and ut BNð0; RÞ: Note that the
* t does not include one of the factors we used in Xt FTBMA, the onevector X
year moving average of TBILL. However, given the estimated process for the
asset returns, the value of TBMA can be easily constructed. The process is
estimated using quarterly data from 1958:1 to 1994:4:
3.4.2. The stochastic discount factors
Since we use the stochastic discount factors to value cash-ﬂows that are
* t ; it is important to model the covariance between the stochastic
functions of X
* t : Here, we adopt the following linear speciﬁcation for
discount factors and X
the growth rate of the nominal stochastic discount factor:
 n 
Mt
* t1 þ on;t ;
ð26Þ
ln
¼ mn þ b0n X
n
Mt1
where on;t is i.i.d., on;t BNð0; s2n Þ; and E½on;t ut ¼ vn : We further assume that
* t1 :
the expected US inﬂation rate is also a linear function of X


Pt
* t1 þ op;t ;
ln
ð27Þ
¼ mp þ b0p X
Pt1
where op;t is i.i.d., op;t BNð0; s2p Þ; E½op;t ut ¼ vp and E½op;t on;t ¼ spn : It follows
that the real stochastic discount factor is given by


Mt
* t1 þ om;t ;
ð28Þ
¼ mm þ b0m X
ln
Mt1
where mm ¼ mn  mp ; bm ¼ bn  bp ; and om;t ¼ on;t  op;t :
In our benchmark calculations, we focus on a special case of this
speciﬁcation. We extend the term structure model discussed in Campbell and
Viceira (1998) and Campbell et al. (1997) by allowing the innovation in the
nominal stochastic discount factor to be correlated with the innovations in the
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shock variables.
 n 
Mt
1
ln
¼ rnt1 þ s2n þ on;t ;
n
2
Mt1

on;t BNð0; s2n Þ;

ð29Þ

where rnt1 is the 3-month risk-free nominal interest rate, and on;t is correlated
with ut : By deﬁnition, X4;t1 ¼ 4ðrnt1  E½rnt Þ: So, the above equation is a
special case of (26) with mn ¼ E½rnt1 þ 12s2n ; and b0n ¼ ð0; 0; 0; 1=4Þ: We also
report results using the Epstein–Zin consumption-based CAPM.
3.4.3. Domestic productivity
We assume that domestic productivity evolves according to:
0

*

ct ¼ c0 emc tþbc Xt1 þnt ;

ð30Þ

where nt BNð0; s2n Þ is an i.i.d. process independent of om;t ; the innovation in the
growth rate of the real stochastic discount factor, and mc is the expected
productivity growth rate. From (8) and the fact that the tax rate is known one
period in advance, real output is given by

a=ð1aÞ
að1  tt ÞEt1 ½ðMt =Mt1 Þct
yt ¼ c t
:
ð31Þ
1  ð1  dð1  tt ÞÞEt1 ½ðMt =Mt1 Þ
3.4.4. The eﬀective real interest rate on Government debt
The eﬀective real interest rate on domestic government debt rt is also
assumed to depend on lagged shock variables:
* t1 þ rr rt1 þ or;t ;
ð32Þ
rt ¼ cr þ b0r X
where or;t is a zero mean, i.i.d. normal variable. The eﬀective real interest rate
D
is measured as ð1 þ rD
t1 Þ=pt ; where rt1 is the ratio of interest payment on debt
to the stock of domestic government debt and pt is the ex post domestic
inﬂation rate between period t  1 and t:
3.5. Benchmark calibration
3.5.1. Asset pricing model
Let rnt be the interest rate on the 3-month Treasury bills, rn;L
be the yield on
t
10-year Treasury bonds, Rn;m
be the nominal return on market portfolio. Then,
t
the following no-arbitrage conditions should hold for an asset pricing model:
 n

Mtþ1
n
Et
expðr
Þ
¼ 1;
ð33Þ
t
Mtn
" P20
#
n;L
1
n
n
2ð j¼1 Mtþ2j rt Þ þ Mtþ40
Et
¼ 1;
ð34Þ
Mtn
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Et


n
Mtþ1
n;m
R
¼ 1;
Mtn tþ1
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ð35Þ

¼ E½rn;L
þ X3t and Rn;m
¼ expðX1t Þ:
where rnt ¼ E½rnt þ 14X4t ; rn;L
t
t
t
For the asset pricing models that we consider, we calibrate the parameters so
that these three conditions hold on average over the sample period 1977:1–
1994:4:18 For the term structure model (29), the ﬁrst moment condition (33) is
always satisﬁed by construction. We further assume that
on;t ¼ r1 u1;t þ r4 u4;t :

ð36Þ

That is, the innovation in the nominal stochastic discount factor is a linear
combination of the innovation in the 3-month interest rate and the innovation
in the return on market portfolio. Then, we have
s2n ¼ r21 s21;u þ r24 s24;u þ 2r1 r4 s14;u ;

ð37Þ

v0n ¼ ðr1 ; 0; 0; r4 Þ0 R:

ð38Þ

We use the other two moment conditions (34) and (35) to calibrate the
parameters r1 and r4 : For more details on calibration, see the appendix.
3.5.2. Output
In accordance with much of the real business cycle literature, we set a ¼ 0:34;
d ¼ 0:02: We calibrate the productivity growth process so that the implied
stochastic process followed by the output growth generated by the model
matches that in the Canadian data. The details of the calibration are given in
the appendix.
3.5.3. Fiscal policy rule
For the policy rule to be fully speciﬁed, we must choose values for t0 ; t * and
f: The regression analysis in Section 2 implies that
(
t0 ¼ 0:1737 if tpt * ;
tt ¼
ð39Þ
t * ¼ 0:1930 if t > t * :
We interpret t * as the time when the net debt–GDP ratio hit the boundary f:
Thus, under the normal tax regime, the primary surplus process evolves
according to the following equation:
st ¼ t0  g% þ a0 Xt þ et ;

ð40Þ

18
The asset pricing model is homoskedastic, since both the term premium and the equity
premium are constant over time. In the data, however, these premiums are time-varying. Therefore,
the calibrated parameters will be dependent on the sample period. Since we are concerned about
values at the beginning of 1977, we choose 1977:1–1994:4 as the sample period for the calibration
exercise.
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where the values of a is determined from the regression analysis in Section 2.
From the asset pricing model speciﬁed above we can determine the present
value, Vt * ðt0 Þ; and the value of f is then set to be the net debt–GDP ratio at t * ;
ðDt *  Vt * ðt0 ÞÞ=yt * : Given our estimate that the shift in policy stance occurred
after the ﬁrst quarter of 1986, the implied value of the upper bound on the net
debt/GDP ratio, f; is about 0.05.19 We use this value for our benchmark
economy, but consider the sensitivity of our results to alternative values.
3.5.4. Initial conditions
We take the perspective of a government that starts to hedge in 1977:1 and
has only the information available up to the last quarter of 1976. The sixth
column of Table 1 (titled ‘‘pre-77’’) documents the results of estimating the
model over the period 1958:1 to 1976:4: As can be seen the coeﬃcient estimates
are quite robust to this truncation of the sample period. The fact that we are
able to identify the replicating portfolio ex ante suggests that our empirical
speciﬁcation should provide a useful basis for hedging the shocks to the
surplus. Indeed, as Fig. 3 illustrates, a forecast conditional on the realized asset
returns and the shift in policy stance performs rather well in replicating the
actual surplus in the post-sample period 1977:1 to 1994:4: This conditional
forecast replicates over 80% of the variation in the surplus.
3.6. Results
Using the data from our simulation, we estimate the probability that the
initial policy ﬁrst becomes unsustainable and the government is forced to raise
the tax rate. To do this we counted the fraction of paths along which the tax is
increased for the ﬁrst time. Fig. 4 shows the evolution of this probability after
t ¼ 1977:1 both with and without hedging. Without hedging, the probability
that the original policy rule would have become unsustainable within the
following 200 quarters (i.e. by the last quarter of 2026), is Qð200Þ ¼ 0:26: With
hedging it drops to QH ð200Þ ¼ 0:05: But what does this ﬁve-fold increase in
sustainability imply for the expected tax rate and welfare?
Fig. 5 shows the average tax rates that result from the policy rule in the
benchmark economy, with and without hedging over 500 quarters. As can be
seen, the expected tax rates rise initially in both cases. The average tax rate rises
less rapidly with hedging than without, reﬂecting the reduced likelihood of
hitting the upper bound on the net debt level. Once the tax has been increased,
the net debt begins to decline on average so that eventually, the tax rate can be
reduced to its ‘‘normal level’’. Over time there are more paths realizing falling
taxes on average than there are paths realizing rising taxes, so that the average
19

Note that debt is a stock variable while GDP is a ﬂow variable. We express debt–GDP ratios as
annualized ﬁgures, following the convention in the policy literature.
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Fig. 4. Sustainability of initial policy.

Fig. 5. Expected tax rate.
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Table 2
Implications of hedging for sustainability and welfarea
%s ð%Þ

Qð200Þ

QH ð200Þ

W0 =Y0

W0H =Y0

DW
W

Benchmark
F full hedge

0.14
0.14

0.26
0.26

0.05
0.02

103.45
103.45

103.82
104.19

0.36
0.63

Low equity premium
F initial debt adjusted

0.09
0.09

0.22
0.42

0.02
0.33

121.30
120.88

122.06
121.37

0.63
0.40

High equity premium
F initial debt adjusted

0.20
0.20

0.32
0.14

0.10
0.01

86.78
86.97

87.02
87.14

0.27
0.19

Low hedging cost
High hedging cost

0.09
0.20

0.26
0.26

0.04
0.07

103.45
103.45

103.98
103.89

0.38
0.32

0.14
0.14
0.14
0.14
0.14

0.03
0.18
0.36
0.59
0.83

0.001
0.006
0.19
0.68
0.95

104.06
103.46
103.41
103.18
102.81

104.32
103.83
103.81
103.42
102.96

0.25
0.35
0.39
0.24
0.15

Later initial date ðt0 ¼ 1986Þ

0.14

0.81

0.90

97.00

97.14

0.14

Low upper bound ðf ¼ 0:025Þ

0.14

0.28

0.06

103.55

103.97

0.40

High upper bound ðf ¼ 0:075Þ

0.14

0.25

0.05

103.65

104.11

0.44

Initial debt

D0 =y0
D0 =y0
D0 =y0
D0 =y0
D0 =y0

¼0
¼ 0:15
¼ 0:25
¼ 0:35
¼ 0:45

ð%Þ

‘‘Maastricht’’
Policy rule

% ¼ ð0:125; 0:5Þ
ðf; fÞ
% ¼ ð0:25; 0:5Þ
ðf; fÞ

0.14
0.14

0.26
0.26

0.04
0.04

103.51
103.70

104.17
104.31

0.64
0.59

Three-tax

Symmetric

0.14

0.88

0.94

104.34

104.52

0.18

Policy rule

Asymmetric

0.14

0.26

0.05

104.03

104.59

0.35

Epstein–Zin
CAPM

g ¼ 4; s ¼ 0:5
g ¼ 10; s ¼ 0:32

0.08
0.11

0.25
0.25

0.03
0.04

123.49
143.74

124.07
144.11

0.47
0.44

a
Notes: (1) Benchmark: r1 ¼ 3:88; r4 ¼ 15:73; t0 ¼ 1977:1; t * ¼ 1986:2; f ¼ 0:05; D0 =y0 ¼
0:20; Vðt0 Þ=y0 ¼ 0:45: (2) Low risk premium: r1 ¼ 1:92; r4 ¼ 12:09: High risk premium:
r1 ¼ 5:87; r4 ¼ 19:91:

tax rate falls.20 In the long run, the tax rate remains lower under hedging
because (1) the probability of having to increase taxes in the future is lower,

20
Note that even after the net debt is reduced to zero, some paths realize suﬃciently bad shocks
to make the net debt positive again and to eventually experience rising taxes again. However, the
average tax rate still declines.
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and (2) once the tax is raised, the average rate at which the net debt is reduced
is greater.
We compute the welfare gain arising from hedging using (9). The ﬁrst row of
Table 2 shows the aggregate wealth levels relative to current GDP with and
without hedging, and the welfare change for the benchmark economy. In
particular, it shows that although the expected ﬁnancial cost of hedging is
0.14% of GDP, the percentage increase in production wealth is 0.36% (after
factoring in the hedging cost). This welfare gain comes from two sources: (1)
the reduction in expected taxes and (2) the fact that under hedging, high tax
arises in the states when it is less costly to the economy.21 We call the latter the
welfare gains from diversiﬁcation. When we decompose the welfare gains into
these two components (see appendix for details), we ﬁnd that they each
contribute about 50% to the overall welfare gain. In other words, in our
benchmark case, the gains from hedging derive equally from the increased
sustainability of the low tax policy and the gains from diversiﬁcation.22
To investigate the nature of these welfare gains further and to assess the
sensitivity of our results to the various assumptions we have made, we allow
the key underlying parameters to vary from our benchmark case. The results
are given in Table 2 and are discussed below.
3.6.1. The hedgable component of the surplus
The hedging strategy we have adopted does not allow us to create new assets.
This means we have ruled out the possibility of hedging a signiﬁcant part of the
stochastic component of the surplusFthat part equal to the product of the
asset returns and the deviations of output from trend. The second row of
column 2 shows the results for the benchmark case if we were to hedge the
entire stochastic component of the surplus, Xt Yt : As can be seen the percentage
welfare gain increases substantially to 0.63%. Note, however, that the
transactions costs associated with introducing such assets are unknown, so
that this should be viewed as an upper bound on the possible welfare gains in
the benchmark economy.
3.6.2. The equity premium
We re-calibrated the asset pricing model to obtain new values of r1 and r4
that were consistent with diﬀerent values of the equity premium, while at the
same time maintaining the risk-free rate and the term premium. Results for an
equity premium that is 1% lower and 1% higher than in the benchmark case
21
Note that with a two-tax rate policy rule, the average tax rate is not kept constant and,
therefore, concavity of the production function is not the main reason for the welfare gains. Below
we also consider a three-tax rate policy rule to asses the gains from tax smoothing.
22

Interestingly, although average taxes are lower under hedging, the true present value of the
surplus is higher. This reﬂects the gains from diversiﬁcation.
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are shown in Table 2. As one might expect, lowering (raising) the equity
premium increases (decreases) welfare whether the government hedges or not.
Moreover, the welfare gain from hedging declines with the equity premium.
There are two main eﬀects from raising the equity premium:
*

*

the risk premium required by the representative investor increases. This
drives up the expected ﬁnancial cost of hedging, s%; which feeds into higher
expected taxes under hedging, thereby reducing the welfare gain,
the present value of future surpluses under the initial policy, Vðt0 Þ;
decreases. The resulting higher initial net debt reduces the sustainability of
the initial tax policy and may increase or reduce the welfare gain.

To separate the eﬀects of changing the risk premium from that of changing
initial conditions, we also report in Table 2 results for the low and high equity
premia when the debt level is adjusted so that the initial net debt is the same as
that in the benchmark case. In the low risk case the adjustment involves raising
the initial debt. In the high risk case it involves lowering the initial debt. After
controlling for the initial net debt in this way, the welfare gain decreases in both
cases. This reﬂects the non-monotonic relationship between the initial net debt
and the welfare gain (see below).
3.6.3. Hedging cost ðs%Þ
To isolate the role of the increase in the ﬁnancial cost of hedging from other
aspects of the increase in risk aversion, we ﬁxed the values of r1 and r4 ; but
varied the hedging cost, s%; directly so that it would equal the values associated
with 1% lower or higher values of the equity premium. As can be seen, raising
this hedging cost lowers the welfare gain and lowering it raises the welfare gain.
However, the diﬀerence is not very large, implying that most of the change in
the welfare gain is coming from the implied change in the level of initial net
debt.
3.6.4. Initial debt ðD0 =y0 Þ
In the benchmark case, the initial debt–GDP ratio is D0 =y0 ¼ 0:20: Raising it
lowers welfare because the increase makes the need for a tax hike more
imminent (as indicated by the high probability of a tax hike within the ﬁrst 200
quarters, Qð200Þ). The eﬀect of the initial debt on the percentage welfare gain
from hedging, however, is non-monotonic. When the initial debt is far below
the upper bound, the probability of the net debt hitting the upper bound is very
small and, therefore, the welfare gain from hedging is small. As the initial debt
increases, the probability of the net debt hitting the upper bound increases and
the welfare gain from hedging increases as well. If the initial net debt is too
close to the upper bound, however, hedging actually increases the probability
of a tax hike. With a high initial level and a strictly positive eﬀective interest
rate the net debt is expected to rise and hit the upper bound quickly, and
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hedging reduces the chance of having positive shocks to the surplus that would
help to revert the upward trend. This reduction of the sustainability reduces
welfare gain. Interestingly, however, there are still welfare gains from hedging,
reﬂecting the more rapid reduction in the net debt under hedging following the
ﬁrst tax increase, the lower likelihood of further tax hikes in the future, and the
gains from diversiﬁcation.
The non-monotonicity in the relationship between the welfare gain and the
initial debt explains our earlier results associated with the adjustment of the
initial debt to oﬀset the eﬀects of changing the risk-premium.
3.6.5. Starting date ðt0 Þ
The starting date for the adoption of the hedging strategy in the benchmark
economy, t0 ¼ 1977:1; was approximately in the middle of the sample. This is a
date at which the debt level and the realized values of the asset returns are such
that the initial net debt is well below the trigger point and the hedging cost
takes on a relatively low value. We also ran our simulation with a starting date
of t0 ¼ 1986:1: As noted above this is a date at which the net debt is just about
to exceed the upper bound and it is also a date such that the implied cost of
hedging is still quite high. The combination of these two factors reduces the
welfare gain from hedging signiﬁcantly. Note, however, that the welfare gains
are still positive because of the more rapid reduction in the net debt under
hedging following the ﬁrst tax increase, the lower likelihood of further tax hikes
in the future, and diversiﬁcation.
3.6.6. Upper bound on the net debt ðfÞ
Lowering the net debt–GDP ratio at which the government increases taxes,
f; to 0.025 raises the likelihood of tax increases, thereby raising the expected
tax rate and lowering welfare. Raising f to 0.075 has the opposite eﬀects.
However, the welfare gain increases in both cases. This non-monotonicity
arises for similar reasons to those described for changes in the initial net debt–
GDP ratio.
3.6.7. ‘‘Maastricht’’ policy rule
For the upper bound we use the value that the debt–GDP ratio reached in
1986:2 (approximately 0.50), and we (somewhat arbitrarily) set the lower
bound to equal 0.125.23 The results are shown in Table 2 for the benchmark
parameters. As can be seen welfare levels are very similar for this policy rule,
however, the welfare gain is somewhat greater. Since the lower bound of 0.125
implies that the tax rate may be set at a high level for an unreasonably long
period of time, we also show the results when the lower critical value is 0.25.
23

Although under the benchmark policy rule, sustainability requires that the net debt reach zero
before taxes are reduced, imposing the same requirement on the debt seems extreme.
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The welfare levels are a little greater than with the lower minimum level, but
the percentage welfare gain is smaller. These results reﬂect the fact that the high
tax regime is less costly because it does not last as long on average.
3.6.8. ‘‘Three-tax’’ policy rule
First, we consider a ‘‘symmetric’’ rule where t0  t3 ¼ t *  t0 and f3 ¼ f:
As can be seen, the welfare gain is half that of the benchmark case. This gain
could in principle come from three sources (1) the concavity of the production
function, (2) the diﬀerence in the likelihood of high taxes relative to low taxes,
and (3) diversiﬁcation. When we decompose the gains (as described in the
appendix) we ﬁnd that those coming from (1) are negligible and there is a loss
from (2) because hedging reduces the likelihood of low taxes by more than it
reduces the likelihood of high taxes.24 However, the overall gain is positive
because the gains from diversiﬁcation (263%) more than oﬀset the losses
(163%).
Note, however, that this symmetric rule does not satisfy the government’s
present value budget constraintFthe expected tax rate is too low. Moreover,
because the net debt is negative to start with, the tax rate switches to its low
level with probability 1, which is inconsistent with our empirical observations.25 We therefore consider an ‘‘asymmetric’’ rule by reducing f3 to a level
which ensures that the government’s present value budget constraint is just
satisﬁed. The resulting welfare gain is now very similar to the benchmark case,
reﬂecting the fact that the low tax regime is unlikely.
3.6.9. A consumption-based asset pricing model
We have based our analysis on a two-factor asset pricing model. The
advantage of this model is that it is possible to calibrate it to match the key
moments in the data (i.e. the risk-free rate, the equity premium and the term
premium). For the sake of comparison, we also include results using the
Epstein–Zin consumption-based asset pricing model. In principal, one could
use all three moment conditions (33)–(35) to calibrate the parameters b; g and
s:26 Unfortunately, it turns out that it is not possible to do this while also
ensuring that the forward rate is large enough for present values to converge
(see appendix). Instead, we use parameter values that are consistent with those
typically assumed in the literature and which yield the same forward rate as in
the benchmark case. The last two rows of Table 2 give the results for two cases:
a low risk premium case (b ¼ 0:99; g ¼ 4 and s ¼ 0:5Þ and a high risk premium
case (b ¼ 0:99; g ¼ 10; and s ¼ 0:321Þ: As can be seen the hedging cost is lower
24
This asymmetry arises because the net interest rate is positive on average so that the net debt
has an upward trend.
25

This is also why the probability of hitting the higher bound in the ﬁrst 200 periods is so high.

26

We illustrate how this can be done in the appendix.
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in both cases and the welfare gain is somewhat higher than in the benchmark
case.

4. Concluding remarks
The central premise of this paper is that government cash ﬂows are subject to
unavoidable ﬁscal shocks that are outside the control of the ﬁscal authorities.
In this paper we replicate many of the shocks to the Canadian federal surplus
using the return on a linear combination of US asset returns. We ﬁnd that it is
possible to characterize the surplus process over the last four decades as a
stationary function of these shocks with an abrupt regime shift in 1986. Our
results are consistent with the hypothesis that the recent rise in public debt
experienced by Canada was the result of a series of negative shocks in the 1970s
and 1980s, and a long delay in the adjustment of ﬁscal policy in response to the
shocks.
Although some ﬁscal shocks could be oﬀset by varying tax rates and other
policy parameters, this would create further distortions in the economy. The
alternative of intertemporal smoothing through debt ﬁnancing is ultimately
unsustainable. We have argued in this paper that, because of this conﬂict
between stability and sustainability, systematic ﬁscal risk management might
be beneﬁcial as part of the government’s overall debt management strategy. We
explored the feasibility of this, and estimated the potential gains from ﬁscal risk
management in terms of increased sustainability, reduced tax rates and welfare.
The increases in sustainability are large, and there are non-trivial welfare gains
(on the order of one half of one percent). It should also be noted that some of
our modeling assumptions are somewhat conservative. In particular, if we
allowed for endogenous growth, then tax changes would have permanent
eﬀects, so that the welfare gains from hedging would be much larger.
Approximately 50% of these welfare gains arise because, under our
benchmark policy rule, hedging makes the high tax regime less likely to occur.
The remaining 50% of the gains are due to diversiﬁcation: the fact that high tax
rates are more likely to occur in states where the marginal welfare cost of taxes
is low. While, in the absence of political and other constraints on government
policy, this benchmark rule is clearly sub-optimal, it is consistent with our
empirical observations and implies that the government’s present value budget
constraint is satisﬁed. Alternative policy rules (such as the symmetric three tax
rate rule considered above) may reduce the gains from hedging because they
reduce the likelihood of low taxes by more than they reduce the likelihood of
high taxes. However, when the present value budget constraint is imposed, the
reduction in welfare gains is not large.
In this paper, we have abstracted from several interesting and potentially
important issues regarding the implementation of a ﬁscal risk management
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strategy. The hedging strategy that we considered requires the government to
enter into an index-linked swap with an inﬁnite maturity. It would be
interesting to see if the strategy can be replicated with more conventional
ﬁnancial instruments. There is also the issue of default risk that is often
associated with swaps of long maturity. In this paper we have dealt with this
problem to some extent by having the payoﬀs of the swap denominated in US
dollars. This eliminates the possibility of partial default by the Canadian
government through inﬂation. Of course, this does not exclude the possibility
of direct or indirect default by the government through other means, and it
would be interesting to evaluate the welfare gains from hedging by taking into
account credit risk explicitly.27 Finally, there is the issue of time-consistency. In
this paper we assume that once the government decides to implement the
hedging strategy, it will stick to it in the future. However, our simulations show
that the gains from hedging depend crucially on the initial level of the net debt.
A hedging strategy that is welfare improving ex ante may become welfare
reducing ex post if a series of adverse and unhedgable shocks occur that cause
the net debt to increase signiﬁcantly in the future. Finding a welfare-enhancing
hedging strategy that is also time consistent is another interesting avenue for
further research.
We have used Canadian federal ﬁnances to illustrate the importance of
exogenous ﬁscal shocks to the rising public debt problems and to explore the
feasibility and desirability of systematic ﬁscal risk management. However, the
conceptual framework and empirical methodology that we have employed here
could also be applied to the ﬁscal problems of other OECD countries
(especially those in the EMU), as well as to those of the US states and
Canadian provinces. Such analysis is important given the emphasis on
governments’ responses to ﬁscal shocks in the current literature on budget
deﬁcits.
In analyzing the role of ﬁscal risk management, we have focused on
diversiﬁable shocks to the government’s primary surplus. Since not all the
shocks to the primary surplus can be hedged away, there is still a need for the
government to smooth cash ﬂows intertemporally by issuing risk-free bonds.
Thus, debt management in the form of hedging interest rate risk and choosing
the optimal maturity structure as suggested by, among others, Boothe and
Reid (1992), Missale and Blanchard (1994) and Barro (1997) are also
important for maintaining stability and enhancing the sustainability of ﬁscal
policy. The risk management strategy we emphasize here is complementary to
their suggestions on debt management.

27

Note, however, that hedging should reduce the default risk premium already implicit in the
eﬀective interest rate on the debt, thereby oﬀsetting the increased cost of hedging.
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